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1. Introduction and main result
In this paper, we are concerned with the multiplicity of positive solutions for the semilinear elliptic equation
(P )
⎧⎨⎩−u − μ
u
|x|2 = λ f (x)u + νg(x)u
q + u2∗−1, in Ω,
u = 0, on ∂Ω,
where Ω  0 is a bounded domain in RN (N  3) with smooth boundary, 0  μ < μ¯ = (N − 2)2/4, 0 < q < 1,
2∗ = 2N/(N − 2) is the critical Sobolev exponent, λ and ν are positive parameters, f and g are positive measurable func-
tions.
The main features of above problem are the critical Sobolev exponent and the presence of Hardy potential. Such problem
arises from various ﬁelds of geometry and physics. Indeed, problem (P ) is not only related to the geometry problem of
prescribed scalar curvature (see [3]) but also related to the nonlinear Schrödinger equation with a singular potential. The
nonlinear Schrödinger equation is typically of the form
−ih¯ ∂ψ
∂t
− h¯
2
2
ψ + V (x)ψ = |ψ |p−1ψ, (x, t) ∈RN ×R+, (1.1)
where i is the imaginary unit and h¯ denotes the Plank constant. Eq. (1.1) models some phenomena in physics, in particular,
when one describes Bose–Einstein condensates (see [17,18]) and the propagation of light in some nonlinear optical materials
(see [19]). The case where p = 3 and N = 3 is of particularly physical interest, and in this case the equation is called the
Gross–Pitaevskii equation (see [6]). Here we are interested in the standing wave solutions of (1.1), namely solutions of the
form ψ(x, t) = e−iEt/h¯u(x). Clearly, ψ(x, t) is a standing wave solution of (1.1) if and only if u(x) solves
− h¯
2
2
u + (V (x) − E)u = |u|p−1u, x ∈RN .
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has been widely studied in recent years, see [4,10,11,13,14,21,22].
When ν = 0 and f (x) ≡ 1, problem (P ) simply becomes⎧⎨⎩−u − μ
u
|x|2 = λu + u
2∗−1, in Ω,
u = 0, on ∂Ω.
(1.2)
This equation has been studied extensively. The starting point is the excellent paper by Jannelli [15], where it is shown that
(i) If 0μ μ¯ − 1 and 0 < λ < λ1(μ), then problem (1.2) has at least a positive solution;
(ii) If μ¯ − 1 < μ < μ¯, then there exists λ∗(μ) > 0 such that problem (1.2) has at least a positive solution provided λ ∈
(λ∗(μ),λ1(μ)),
where λ1(μ) is the ﬁrst eigenvalue of −−μ 1|x|2 with Dirichlet boundary condition. For other existence results concerning
the variant problem of (1.2), we refer to [8,13,21] and the references therein.
Recently, Chaudhuri and Ramaswamy [9] studied the nonlinear eigenvalue problem⎧⎨⎩−u − μ
u
|x|2 = λ f (x)u, in Ω,
u = 0, on ∂Ω,
(1.3)
where 0μ < μ¯, λ > 0 and f is a positive measurable function. Denote
F =
{
f : Ω →R+ ∣∣ lim|x|→0 |x|2 f (x) = 0 with f ∈ L∞loc(Ω\{0})}
and
Fβ =
{
f ∈F ∣∣ 0 < lim|x|→0 |x|β f (x) < +∞},
where 0 β < 2. They proved, among other results, that
(i) Assume f ∈F . Then the embedding H10(Ω) ↪→ L2(Ω, f dx) is compact;
(ii) Assume f ∈F . Then problem (1.3) has a sequence of eigenvalues
0 < λ1(μ, f ) < λ2(μ, f ) · · · λk(μ, f ) · · · → +∞.
Moreover, the ﬁrst eigenvalue is characterized by
λ1(μ, f ) = inf
{∫
Ω
(
|∇u|2 − μ u
2
|x|2
)
dx
∣∣∣ u ∈ H10(Ω), ∫
Ω
f (x)u2 dx = 1
}
;
(iii) Assume f ∈Fβ with 0 β < 2. Then the embedding H10(Ω) ↪→ Lp(Ω, f dx) is continuous if 2 p  2∗β and compact if
2 p < 2∗β , where 2∗β = 2(N − β)/(N − 2).
Using the above results and applying Mountain Pass theorem, Nasri [20] partially extended the results obtained by
Jannelli [15] to the case where f can be singular.
There is also a great deal of work on the quasilinear elliptic equation{
−pu = νg(x)uq + up∗−1, in RN ,
u ∈ D1,p(RN),
where pu = div(|∇u|p−2∇u), 1 < p < N , ν > 0, 0 q < p − 1, p∗ = Np/(N − p), g is a positive measurable function and
D1,p(RN ) = {u | u ∈ Lp∗(RN ),∇u ∈ Lp(RN )}, see for example [1,7] and the references therein.
Consider the energy functional
I(u) = 1
2
∫
Ω
(
|∇u|2 − μ u
2
|x|2 − λ f (x)u
2
)
dx− ν
q + 1
∫
Ω
g(x)
(
u+
)q+1
dx− 1
2∗
∫
Ω
(
u+
)2∗
dx,
where u+ = max {0,u}. It is well known that I ∈ C1(H10(Ω),R) and the critical points of I are positive solutions of (P ).
The main result of this paper is the following theorem.
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ative function with g 	≡ 0, and 0 < q < 1. Then there exists ν∗ > 0 such that, for any ν ∈ (0, ν∗), problem (P ) has at least two positive
solutions u1 , u2 with I(u1) < 0 < I(u2).
Remark 1.2.
(i) For the case μ = 0, f (x) ≡ 0 and g(x) ≡ 1, problem (P ) has been studied by Ambrosetti [2]. Chen [11] extended the
results to the case μ > 0, f (x) ≡ 0 and g(x) ≡ 1. In the present paper, we consider a more general case.
(ii) For ν > 0 small, the sublinear term νg(x)uq provides a convenient perturbation to obtain another positive solution
which vanishes when ν = 0, see [20] for the case ν = 0.
Remark 1.3. The main diﬃculty in dealing with problem (P ) is that the corresponding functional does not satisfy (PS)-
condition due to the lack of compactness of the embeddings: H10(Ω) ↪→ L2
∗
(Ω) and H10(Ω) ↪→ L2(Ω, |x|−2 dx). Hence we
could not use standard variational methods.
Remark 1.4. The idea for ﬁnding solutions u1 and u2 is borrowed from [7], see also [1]. The method contains two steps:
(i) Minimizing the functional I on a small ball of H10(Ω), we obtain a local minimizer u1 which is the ﬁrst solution of (P );
(ii) Using the Mountain Pass theorem, we get the second solution. The key point is to verify that the Mountain Pass level
is contained in the range where (PS)-condition holds.
The paper is organized as follows. In the forthcoming section we prove a local (PS)-condition and some other lemmas.
In Section 3 we prove the main result by the Ekeland variational principle and Mountain Pass theorem. Section 4 is devoted
to a more general result.
2. Preliminaries
Throughout this paper, we denote the norm of H10(Ω) by
‖u‖ =
[∫
Ω
(
|∇u|2 − μ |u|
2
|x|2
)
dx
]1/2
,
which is equivalent to the standard norm by Hardy inequality, the norm of Lr(Ω) (1 r < ∞) by |u|r and positive constants
(possibly different) by C .
Deﬁne
Sμ,s = inf
u∈D1,2(RN )\{0}
∫
RN
(|∇u|2 − μ u2|x|2 )dx
(
∫
RN
u2∗(s)
|x|s dx)2/2
∗(s)
,
where 0 s < 2, 2∗(s) = 2(N − s)/(N − 2) is the critical Sobolev–Hardy exponent. It is well known that Sμ,s is achieved by
a family of functions
Uε,s(x) = [4ε(μ¯ − μ)(N − s)/(N − 2)]
√
μ¯/(2−s)
[ε|x|(1−s/2)γ ′/
√
μ¯ + |x|(1−s/2)γ /
√
μ¯](N−2)/(2−s)
,
where γ ′ =√μ¯ −√μ¯ − μ and γ =√μ¯ +√μ¯ − μ, see [16] for details. Moreover,
−Uε,s − μUε,s|x|2 =
U2
∗(s)−1
ε,s
|x|s , in R
N \ {0}
and ∫
RN
(
|∇Uε,s|2 − μ
U2ε,s
|x|2
)
dx =
∫
RN
|Uε,s|2∗(s)
|x|s dx = S
(N−s)/(2−s)
μ,s .
For simplicity, we denote Sμ,0 by Sμ and Uε,0 by Uε .
Lemma 2.1. Let θ = 2∗/[2∗ − (q + 1)]. Under the assumptions of Theorem 1.1, there exists M > 0, depending on N, q, and |g|θ , such
that the functional I satisﬁes (PS)c-condition for all c < S
N/2
μ /N − Mνθ .
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I(un) → c and I ′(un) → 0 as n → ∞. (2.1)
Then
2∗c + o(1) + o(1)‖un‖ = 2∗ I(un) −
(
I ′(un),un
)
=
(
2∗
2
− 1
)
‖un‖2 − λ
(
2∗
2
− 1
)∫
Ω
f (x)u2n dx− ν
(
2∗
q + 1 − 1
)∫
Ω
g(x)
(
u+n
)q+1
dx

(
2∗
2
− 1
)(
1− λ
λ1(μ, f )
)
‖un‖2 − C · ν
(
2∗
q + 1 − 1
)∣∣g(x)∣∣
θ
‖un‖q+1,
and it follows that (un) is bounded in H10(Ω).
Passing to a subsequence, we may assume that un ⇀ u weakly in H10(Ω),
un
x ⇀
u
x weakly in L
2(Ω), un → u in Lr(Ω)
(1 < r < 2∗), un → u in L2(Ω, f dx) and un → u a.e. in Ω . By the Lebesgue dominated convergence theorem,∫
Ω
g(x)
(
u+n
)q+1
dx →
∫
Ω
g(x)
(
u+
)q+1
dx, as n → ∞. (2.2)
A standard argument shows that u ∈ H10(Ω) is a critical point of I and
I(u) = −ν
(
1
q + 1 −
1
2
)∫
Ω
g(x)
(
u+
)q+1
dx+ 1
N
∫
Ω
(
u+
)2∗
dx
−ν
(
1
q + 1 −
1
2
)∣∣g(x)∣∣
θ
∣∣u+∣∣q+12∗ + 1N ∣∣u+∣∣2∗2∗
− 1
N
∣∣u+∣∣2∗2∗ − C 1N
(
1
q + 1 −
1
2
)θ ∣∣g(x)∣∣θ
θ
νθ + 1
N
∣∣u+∣∣2∗2∗
= −Mνθ , (2.3)
where M = C 1
N
( 1q+1 − 12 )θ |g(x)|θθ > 0.
Let vn = un − u. The Brezis–Lieb lemma [5] implies that
|∇un|22 = |∇u|22 + |∇vn|22 + o(1),∣∣u+n ∣∣2∗2∗ = ∣∣u+∣∣2∗2∗ + ∣∣v+n ∣∣2∗2∗ + o(1),∫
Ω
u2n
|x|2 dx =
∫
Ω
u2
|x|2 dx+
∫
Ω
v2n
|x|2 dx+ o(1). (2.4)
By (2.1), (2.2) and (2.4), we have
I(un) = I(u) + 1
2
‖vn‖2 − 1
2∗
∣∣v+n ∣∣2∗2∗ + o(1) = c + o(1) (2.5)
and
‖vn‖2 −
∣∣v+n ∣∣2∗2∗ = o(1).
Thus we may assume that ‖vn‖2 → a and |v+n |2∗2∗ → a as n → ∞. By the deﬁnition of Sμ ,
Sμ
∣∣v+n ∣∣22∗  ‖vn‖2.
Passing to the limit yields Sμa2/2
∗  a, which implies that either a = 0 or a SN/2μ . If a SN/2μ , we obtain from (2.5) that
I(u) = c − a/N < SN/2μ /N − Mνθ − SN/2μ /N = −Mνθ
which contradicts (2.3). Therefore a = 0. Hence vn → 0 in H10(Ω). 
Since f ∈Fβ , there exist R > 0 and C1,C2 > 0 such that B2R(0) ⊂ Ω and
C1|x|−β  f (x) C2|x|−β, ∀x ∈ BR(0).
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φ(x) =
{
1, if |x| R,
0, if |x| 2R.
Deﬁne Vε(x) = φ(x)Uε(x) and wε(x) = Vε(x)|Vε |2∗ . Then we have the following lemmas.
Lemma 2.2. Assume that 0μ μ¯− (2− β)2/4, f ∈Fβ with 0 β < 2, 0 < λ < λ1(μ, f ) and g is a nonnegative function. Then
there exists ν∗1 > 0 such that
sup
t>0
I(twε) < S
N/2
μ /N − M
(
ν∗1
)θ
for ε > 0 suﬃciently small, where M > 0 is given in Lemma 2.1.
Proof. Deﬁne
J (u) = 1
2
∫
Ω
(
|∇u|2 − μ u
2
|x|2 − λ f (x)u
2
)
dx− 1
2∗
∫
Ω
(
u+
)2∗
dx.
Using the estimates in [20], for some ν∗1 > 0 suﬃciently small, we have
sup
t>0
I(twε) sup
t>0
J (twε) < S
N/2
μ /N − M
(
ν∗1
)θ
for ε > 0 small enough. 
Lemma 2.3. Under the assumptions of Theorem 1.1, there exist ν∗2 > 0, α > 0, ρ > 0 and e ∈ H10(Ω) with ‖e‖ > ρ such that if
ν ∈ (0, ν∗2 ) then
(1) inf‖u‖=ρ I(u) α > 0;
(2) I(e) < 0.
Proof. (1) By the deﬁnition of λ1(μ, f ), Hardy and Young inequalities,
I(u) 1
2
(
1− λ
λ1(μ, f )
)
‖u‖2 − Cν
q + 1
∣∣g(x)∣∣
θ
‖u‖q+1 − 1
2∗S2
∗/2
μ
‖u‖2∗
 1
2
(
1− λ
λ1(μ, f )
− δ
)
‖u‖2 − 1
2∗S2
∗/2
μ
‖u‖2∗ − Cδ
(
Cν
q + 1
) 2
1−q ∣∣g(x)∣∣ 21−qθ .
Choose δ > 0 such that
1− λ
λ1(μ, f )
− δ > 0.
Then, for ρ > 0 suﬃciently small, we can ﬁnd α > 0 and ν∗2 > 0 such that
inf‖u‖=ρ I(u) α > 0
for ν ∈ (0, ν∗2 ).
(2) Since 1 < q + 1 < 2 < 2∗ , it is easy to see
I(twε) → −∞, as t → +∞.
Hence we can choose e = T wε (T > 0 big enough) such that ‖e‖ > ρ and I(e) < 0. 
3. Proof of the main result
Proof of Theorem 1.1. Take ν∗ ∈ (0,min {ν∗1 , ν∗2 }) such that
SN/2μ /N − M(ν∗)θ > 0,
where M > 0 is given in Lemma 2.1.
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Since the metric space Bρ(0) with d(u, v) = ‖u − v‖ is complete, using the Ekeland variational principle [12], we can
prove that there exists a (PS)c1 -sequence (un) ⊂ Bρ(0) with
c1 = inf
Bρ(0)
I(u),
where ρ > 0 is given in Lemma 2.3.
It is easy to verify that c1 < 0 < S
N/2
μ /N − Mνθ for any ν ∈ (0, ν∗). By Lemma 2.1, I possesses a critical point u1 with
I(u1) = c1 < 0. Choose u−1 = min {0,u1} as a text function, we ﬁnd that u−1 = 0. By the strong maximum principle, u1 > 0
a.e. in Ω .
(ii) Existence of the second solution.
Deﬁne
c2 = inf
h∈Γ
sup
t∈[0,1]
I
(
h(t)
)
,
where
Γ = {h ∈ C([0,1], H10(Ω)) ∣∣ h(0) = 0, h(1) = e}.
It follows from Lemma 2.2 that
c2 < S
N/2
μ /N − M(ν∗)θ .
If ν ∈ (0, ν∗), then c2 is a critical value of I by Mountain Pass theorem. Therefore, by the same arguments in (i), problem (P )
admits a positive solution u2 with I(u2) = c2 > 0. 
4. A more general result
In this section, we extend Theorem 1.1 to the semilinear elliptic equation with critical Sobolev–Hardy exponent. Let
Ω  0 be a bounded domain in RN (N  3) with smooth boundary and consider
(P )s
⎧⎨⎩−u − μ
u
|x|2 = λ f (x)u + νg(x)u
q + u
2∗(s)−1
|x|s , in Ω,
u = 0, on ∂Ω,
where 0μ < μ¯, 0 < q < 1, 0 s < 2 and 2∗(s) = 2(N − s)/(N − 2) is the critical Sobolev–Hardy exponent.
The corresponding functional is deﬁned by
Is(u) = 1
2
∫
Ω
(
|∇u|2 − μ u
2
|x|2 − λ f (x)u
2
)
dx− ν
q + 1
∫
Ω
g(x)
(
u+
)q+1
dx− 1
2∗(s)
∫
Ω
(u+)2∗(s)
|x|s dx.
Theorem 4.1. Let θ(s) = 2∗(s)/[2∗(s) − (q + 1)]. Assume that 0μ μ¯ − (2− β)2/4, f ∈Fβ with 0 β < 2, 0 < λ < λ1(μ, f ),
g(x)|x|s(q+1)/2∗(s) ∈ Lθ(s)(Ω) is a nonnegative function with g 	≡ 0, and 0 < q < 1. Then there exists ν˜∗ > 0 such that, for any
ν ∈ (0, ν˜∗), problem (P )s possesses at least two positive solutions v1 , v2 with Is(v1) < 0 < Is(v2).
In order to prove Theorem 4.1, we need the following lemmas.
Lemma 4.2. Under the assumptions of Theorem 4.1, there exists M˜ > 0, depending on N, q, s and |gx s(q+1)2∗(s) |θ(s) , such that the func-
tional Is satisﬁes (PS)c-condition for all c <
2−s
2(N−s) S
N−s
2−s
μ,s − M˜νθ(s) .
Since the proof of Lemma 4.2 is similar to that of Lemma 2.1, we leave it to the reader.
Set
Vε,s(x) = φ(x)Uε,s(x)
and
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(
∫
Ω
|Vε,s|2∗(s)
|x|s dx)
1
2∗(s)
.
Then, by the methods used in [10], we can get the following estimates
‖wε,s‖2 = Sμ,s + O
(
ε
N−2
2−s
)
,∫
BR (0)
|x|−βw2ε,s dx = O
(
ε
N−2
2−s · 2−β2√μ¯−μ ), if μ < μ¯ − (2− β)2/4,
∫
BR (0)
|x|−βw2ε,s dx = O
(
ε
N−2
2−s | logε|), if μ = μ¯ − (2− β)2/4.
Lemma 4.3. Assume that 0μ μ¯− (2− β)2/4, f ∈Fβ with 0 β < 2, 0 < λ < λ1(μ, f ) and g is a nonnegative function. Then
there exists ν˜∗1 > 0 such that
sup
t>0
Is(twε,s) <
2− s
2(N − s) S
N−s
2−s
μ,s − M˜
(˜
ν∗1
)θ(s)
for ε > 0 suﬃciently small, where M˜ > 0 is given in Lemma 4.2.
Proof. Deﬁne
J s(u) = 1
2
∫
Ω
(
|∇u|2 − μ u
2
|x|2 − λ f (x)u
2
)
dx− 1
2∗(s)
∫
Ω
(u+)2∗(s)
|x|s dx.
Using the above estimates and by direct calculation,
sup
t>0
J s(twε,s) =
(
1
2
− 1
2∗(s)
)(
‖wε,s‖2 − λ
∫
Ω
f (x)w2ε,s dx
) N−s
2−s

(
1
2
− 1
2∗(s)
)(
‖wε,s‖2 − λC1
∫
BR (0)
|x|−βw2ε,s dx
) N−s
2−s
=
⎧⎪⎨⎪⎩ (
1
2 − 12∗(s) )(Sμ,s + O (ε
N−2
2−s ) − O (ε
N−2
2−s · 2−β2√μ¯−μ ))
N−s
2−s (if μ < μ¯ − (2− β)2/4)
( 12 − 12∗(s) )(Sμ,s + O (ε
N−2
2−s ) − O (ε N−22−s | logε|)) N−s2−s (if μ = μ¯ − (2− β)2/4)
<
(
1
2
− 1
2∗(s)
)
S
N−s
2−s
μ,s (for ε > 0 small enough)
= 2− s
2(N − s) S
N−s
2−s
μ,s .
Thus, for ν˜∗1 > 0 suﬃciently small, we obtain
sup
t>0
Is(twε,s) sup
t>0
J s(twε,s) <
2− s
2(N − s) S
N−s
2−s
μ,s − M˜
(˜
ν∗1
)θ(s)
for ε > 0 small enough. 
Proof of Theorem 4.1. Observe that the functional Is has Mountain Pass geometry under the assumptions of Theorem 4.1. It
is similar to the proof of Theorem 1.1. 
5. Final remark
This paper is concerned with a class of semilinear elliptic equations with Dirichlet boundary condition, Hardy potential
and critical Sobolev exponent. The main goal is to extend the results in [2,11] to a more general case. The novelty is in the
following:
(1) Due to non-compactness of the embeddings: H10(Ω) ↪→ L2
∗
(Ω) and H10(Ω) ↪→ L2(Ω, |x|−2 dx), we need to prove a local
(PS)-condition;
(2) In the nonlinearity, f (x) can be singular;
(3) A sublinear term is added to the equation which causes the multiplicity of positive solutions.
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